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random walks on hypergraphs (simplicial complexes)
background

inductive approach to bound spectral gap



Distribution m,- on (all) size-r subsets of [n]

5123 92,23 51,33

Can we sample from m,. efficiently?



negative example: min-bisection Distribution m,. on (all) size-r subsets of [n]
n
G=W,E),|V|=nr1= >

m,.(A) < 1if [E(A,V\A)| <T
m(A) =0 otherwise

Can we sample from 1, efficiently?



exam plEZ spann | ng trees Distribution m,. on (all) size-r subsets of [n]

G=W,E),|JE|=nr=n-1

m(A) < 1 if (I/,A)isatree

m(4A) =0 otherwise

Can we sample from 1, efficiently?



Distribution m,- on all size-r subsets of [n]

STEP 1:
remove a uniformly random elementa € X, let T = X, \ {a}

STEP 2:

P(b) < m,.(T U{b
add a random element b (b) r( th})

(so that the stationary distribution is m,.)



TODO: detailed balance’ reversibility Distribution m,. on all size-r subsets of [n]

STEP 1:
Le%” ¢ CMUL remove a uniformly random element a € X, letT = X, \ {a}
STEP 2:
—\J\,\J( d* L‘;‘ BJ \a‘th add a random element b P(b) o (T'U{b])

(so that the stationary distribution is m,.)
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Examp|e: Weighted spanning trees of (G’ W) Distribution m,. on all size-r subsets of [n]

STEP 1:
remove a uniformly random element a € X, letT = X, \ {a}

P(T) o | | wie)

eeT add a random element b
(so that the stationary distribution is m,.)

P(b) « m,.(T U {b})

\b
N



Distribution m,- on all size-r subsets of [n]

STEP 1:
remove a uniformly random elementa € X;, let T = X, \ {a}

STEP 2:

P(b) < m,.(T U{b
add a random element b (b) r( th})

(so that the stationary distribution is m,.)

Does the above MC mix rapidly?

(Kauffman, Oppenheim’18, Anari, Liu, Oveis Gharan, Vinzant’19,
Alev, Lau’20, Anari, Liu, Oveis Gharan’20)



Distribution m,- on all size-r subsets of [n]

Distribution ,._; on all size-(r — 1) subsets of [n]

T, (H)-‘—;\Z T, (8)

BiACSH

Distribution m,. on all size-r subsets of [n]

STERHS
remove a uniformly random element a € X, letT = X, \ {a}
STEP 2:

P(b) xn,.(Tu{b})

add a random element b
(so that the stationary distribution is m,.)

Does the above MC mix rapidly?

(Kauffman, Oppenheim’18, Anari, Liu, Oveis Gharan, Vinzant'19,
Aley, Lau’20, Anari, Liu, Oveis Gharan’'20)



random walks on hypergraphs (simplicial complexes)
background

inductive approach to bound spectral gap



Reversible Markov chain with transition matrix P,stationary distribution

DP is symmetric D = diag(m)

TR (A B)=1)7 (8 1)



Reversible Markov chain with transition matrix P,stationary distribution

xT Ax

xTx

for symmetric matrix A A1 (4) = max (Rayleigh quotient)

A= 50 g S € g

a 'S J\}&jva
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Reversible Markov chain with transition matrix P,stationary distribution

mixing time controlledby A, (P — 17m) = A,(P)



D1/2 (P — 1T7-[)D—1/2 ~ (P — 17"7-[) TODO: similar = spectrum

Mot ij ’A)
ok (B TR B,
det- (8 )
(DP — TL'T[T) — D1/2D1/2(p _ 1T7T)D_1/2D1/2 AH’( ‘)&’A)
(lc“f‘t ?f\)



Reversible Markov chain with transition matrix P,stationary distribution

DP is symmetric D = diag(m)

mixing time controlled by A, (P — 17m) = A,(P)

xT Ax
xTx

for symmetric matrix A A1 (4) = max (Rayleigh quotient)

fT(DP = n")f = (fTDV2)D2(P — 1Tm)D~ V(D2 )
D F@f®) ((@)P(a,b) — n(@)(b))
7D = (D)
> f@Pn@

A, < 1 & state space connected



fT(DP = n)f = (fTDV2)D2(P — 1Tm)D~ V(D2 )
D F@f®) ((@)P(a,b) - n(@)m(b))
a,b

fTDf = (fTDY3)(D2f)
> f@n@

xT(DP-nrT)x

Ty (Rayleigh quotient)

A, (P) = max

Eigenvector for eigenvalue 1 of DP,D: 1
Eigenvector for eigenvalue 0 of DP — nre?, D: 1

Eigenvectors for different eigenvalues are perpendicular: (1,x), =wfx =0

DP x = A,D x



xT(DP-mrT)x
xTDX

A>(P) = max (Rayleigh quotient)

Eigenvector for eigenvalue 1 of DP,D: 1
Eigenvector for eigenvalue 0 of DP — e, D: 1

Eigenvectors for different eigenvalues are perpendicular: (1,x), = nlx =0

DP x = A,D x
x'(DP —nnx < A,x"'Dx

x'(DP —nrnDHx < ,xT'(D —nnx



x'(DP —nrnHx < ,xT'(D — nnx

/V O < o < Lt

A= e )@




random walks on hypergraphs (simplicial complexes)
background

inductive approach to bound spectral gap
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Distribution m,. on all size-r subsets of [n]

STEP1:
remove auniformlyrandom elementa € X,, letS = X, \ {a}
STEP2:

add arandomelement b

(so that the stationary distribution s, )

Doesthe above MC mix rapidly?

(Kauffman, Oppenheim’18, Anari, Liu, Oveis Gharan, Vinzant’19,
Alev, Lau’20, Anari, Liu, OveisGharan'20)

P(b) xm (Su {b})
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MAIN IDEA: analyze the spectrum inductively.

IDEA#1: SPEC.(DyUs_1) = SPEC.o(Uj_1Dy)

IDEA #2: understand (Ui Dy 41) vs (D Ug—_1)



IDEA#1: SPEC.,(AB) = SPEC.,(BA)

A X 1)
(5 N K m

(5 06 D=0 %)=0 DG )
(ABB 8) - (g BOA)

char(AB)x™ = char(BA)x™



IDEA #1:

SPEC, (D Uk-1) = SPEC,o(Ug_1Dy)



IDEA #2: understand (U Dy 1) VS (DyUp—1)

T sen



“Focusing on a certain subsets” (link)




IDEA#2: understand (Uka+1) VS (DkUk—l)
2) consider the chain on sets W U {a}
with up-down transition (no self loops) I,

_ (WU ta, b)) —
P(a,b) =
(k + 1)7Tk(W U {Cl}) Dk l I Uys
Stationary distribution [ E— Se-1
1) fix set W
(W U {a})
kry 1 (W)

fT(DP —mn")f = (fTDV)DV2(P — 1Tm)D~V/2(DV/2 )

M1 (W U{a, b))  m(W U {a}) m (WU {b}))
k(k+ Dy (W) kmp (W) kg (W)

> F U {ahfw U b)) (
a,bgWw
fTDf = (fTDY3) (D21

(W U {a})
2 FOW U {a))?




TODO: check detailed balance, check that distribution

77:k+1(VV U {a, b})
(k + Dm (W U {a})

P(a,b) =

Stationary distribution

(W U {a})
kr_1 (W)




- IDEA®2: understand (UgDysy) vs (DpUs-y)
IDEA#2: understand (UyDy41) vS (D Uy—1) e e kDrs1) s (Dsls-y
with up-downtransition (o seff loops)  INEEEEEEEEEGEG_—

_ Sket e s...l I -, j.
P(a,b) = (k + D)m(Wu {a}) _o. 1 g,
Dkﬂl I * Stationary distribution [— S— e
. 1] Se (W U () 1) fixsetW
k(W)

& U— ~T T & T ” 2 T -1/ ”
& l I = fT(DP - ma")f = (FTDY*)DY2(P - 1Tm)D~ (DY f)

Tpe(WU{a, b)) mp(Wu{a)) _ (W U [b]))

— Sies 2,1 vtevtor o (G S ~ e

fTDf = (fTD**)(D*2f)

= m(W U (a)
2 fw @ S

If the “local”’ chains all have 4, <y
then Uy Dj.1 will not be much worse than D, Uy _4



Mg (@) UDi+1

l
lc lc ﬂ\(‘_‘ (A/\PD)

DUy _4

G
H ’mul(/lub)' 1

J—ﬁT kn) T (R) bx

off-diagonal |A® B| =2 off-diagonal |A @ B| =2
1 _ m(B) 1 mua(AUB)
k* m_1(ANB) (k+12  m(4)
diagonal diagonal
1. 2 Tie(A4) 1 Z M1 (A U {a})
k* mr-1(A\ {a}) k+1~ 1k (A)

a€A a¢A



diag(my ) Dy Uy —4

i

off-diagonal |A D B| =2

1 m(A) mi(B)
K2 T (ANB)

diagonal

1 X me(A)me(A)
k? z m-1(A\{a})

a€eA

w

A—: wd(a{
=Wy Iy}

a,bgw

Y meaW) ) FW (@) FW U b))

(W U {a}) m (WU {h})
k(W)  kmp_1 (W)

2 Hltl) M, s
b

r\/\
= %M\E SR

ak Tkv\k\’\/\



U Dy 41

off-diagonal |A & B| =2

1 Tr+1(A U B)
k+ 12  m,(A)

diagonal

Ly V@)

agA T (A)

k+1

UDpesr = 1

off-diagonal

|A @D B| =2

1 Tr+1(A U B)

k(k+1)

diagonal

1

T, (A)

k+1

0= :
k+1

k

1

k



| k+1 1
diag () % YiDrerr =71

Y W) Y FOVULa) fW U B
w a,bgw
me+1(W U {a, b})

k(k + Dy (W)

off-diagonal |A @D B| =2

m'ﬂkﬂ(/l U B)

diagonal

1 k+1 1

0= 131 % &




o k+1 1
[ diag(my) E Uka+1—EI — DyUp—1 | f

D mea (W) ) W U {aDf O U (b))

w a,bew
(T[k+1(W Ula, b)) mWuUfla) m(WU {b})>
k(k+ D (W) kme (W) ke (W)

> IDEA®2: understand (U.D..,)V’S(D.U.-l)
e 2) considerthechainonsetsW U {a}

with up-downtransition (no seif loops) I

D meesW) Y fOW ULl WU R - wu{ab
T o ; ’ e | 4
m(W U {al) me(W U {B}) p(a’ b) — IC+].( { ]) 5
kmp (W) kmpy (W) (k - l)ﬂk(w U {a}) - l I -
off-diagonal |A@B| =2 (] -
1 m(B)
& me_i(AnB) Statimdiﬁrimtim _ Ses
e 1) fixset W
N Ty (WU {a))
k“k—l(‘w
k+1 1
% UiDeer— gl
fT(DP —an")f = (fFTDY*)D (P — 1Tm)D~Y*(D*/>f)
T (WU {ab m(Wu{a}) mp(Wu{b
; ﬂa-l(W)“z‘:wftw uga]) FOV Y (3) Z f(W u {a)f(Wu {b} ( ke 1( {a.b}) — i ( {a}) il { }))
) T s(W U (@) k(k + l)ﬂ'k_ 1(‘1’) kﬂ;‘_l(m kn;‘_,_(W)
Kk + Dty (W) a.bew
off-diagonal  |A@ Bl =2 }i-'-a;' = { ;.TD 1/2 \(D* :;‘ |

1 muy(AUB)
k(k +1) T (A)

diagonal 2 "k(w U {ﬂ})
1 k+1 1 Zf(w U{a}) kfrk_l(ﬂ’)



fTDf = (fTDV2)(DV2f)

(W U {a})
KTty 1w

2f(5)2nk<s> =) meeaW) Y FW U {a)?

w agw

IDEA®2: understand (U Dyyy) vs (D Up-y)
2) considerthechainon setsW U {a}
with up-downtransition (no seif loops) I -

o i | I~
_ _Tks1(WURa,0})  — %
P@D = s Dmavu (@) il e
Stationary distribution e’ o
7 (WU {a)) 1) fixsetW
k"k.l(w)
f"—{DP - -T-TTU: - ():TD'. :ID; :(P o ".?.‘TID_; :(D; :fl
oW U{aB) m(WU{a)) m(W Uib) ))
2, fW utahfow v h (k(k+ Dite W) kmp_y W) kmp_y(W)

a.bew
f.' Df — 1:):.‘ D- 'I'ZD- -}:l

2T U (a)
21w vah* e



Assume that all local walks have 1, <y <1

IDEA #2: UWSIN(U.D..:)“(D.U._I)
2) considerthechainon setsW U {a}
with up-downtransition (no seif loops) I

) -

Tie s (WU {0, b)) EEEESS———— -
P(a,b) =
(a,b) (k + l)ﬂ';‘(wu (a}) - l ' -
Stationary distribution B — s
N;‘(W U [a}) 1) fixsetW
kﬂ'k-;(m
fT(DP —ar")f = (fFTDY*)D**(P — 1Tm)D~ (D> )
T y(WU{a,b}) m(Wu{a}) m(W U{d})
a;wf(w U {ahf(Wu {b}) (k(k+ TS e T )
f.'_:)f - ():.'-D'. .'.HD'. :fl

.nk(WU{a})
Zf(w @
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o k+1 1
f diag(my) r UkDieer =21 = DielUge— f

> s (W) ) W U {aDfOW U (b))

w a,bgw
<7Tk+1(W Ufa, b)) mWuUfla) m(W U {b})>
k(k + D (W) kmpe_ (W) ke (W)

fIDf = (fTDY%)(DY?f)
m (W U {a})

kT[k—l(W)

D FEPm(S) = ) me (W) ) FW U {a)?
S

w agw

We have shown (Kauffman, Oppenheim’18)

fTdiag(my,) k+1UD —EI—DU f <y frdiag(my)f
g\ I K k+1 T kYk-1 =Y g\

k+1 1
i UkDierr =21 = DieUp—q < V1




We have shown (Kauffman, Oppenheim’18):

k+1
i UkDierr =21 = DieUp—1 < V1

k
I'=UDrs1 Zm, 3777 (1 — Dy Ug—1) —vI

Ify <0thenl1l—-A,(D,U,_{) = —

Anari, Liu, Oveis Gharan, Vinzant’19

Can efficiently sample bases of a matroid.



o k+1 1
f diag(my) r UkDieer =21 = DielUge— f

> s (W) ) W U {aDfOW U (b))

w a,bgw
<nk+1(W Ufa, b)) mWuUfla) m(W U {b})>
k(k + D (W) kmpe_ (W) ke (W)

fTDf = (FTDY/2)(DY/>f)

Z f(S)?m(S) = ; -1 (W) aezwf (W U {a})? H'LSTVZ_T(X})
Alev, Lau’20
fTdiag(my,) <k Z ! Up,Dy 11 — %1 - DkUk_1>f <y fldiag(my)(I — D U,_)f
k+1

1
k UxDyy1 — El — Dy U1 <z, Y(I — Dy Ug_1)




Alev, Lau’20

k+1 1
p UgDry1 — EI — DpUg_q <q, Y(I — Dy Ux_1)

k
I —UyDgy1 Zp, (1— ]/)k——l—l(l — D Ug_1)

Ifyr < ﬁ then 1 — A, (D, U,_;) = r~ 0

Anari, Liu, Oveis Gharan’20

Can efficiently sample from antiferromagnetic 2-spin models in uniqueness.



