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Recap

Taylor Polynomial Interpolation Method (Barvinok)
@ Let p = pg be a (graph) polynomial of degree < n.
@ Assume p(z) # 0 for all |z| < R for some R > 0. (z € C)
@ Letf(z) =Inp(z) for |z] < R and let

m
Tm(z) = fH(
k=0

Then for m > ClIn(n/e) we have that |T,(z) — f(z)| < e

ie. Tm(z)=1f(z)+t with [t| < e
— e’ = g'e/@ ~ (1 + t)p(2).

Recipe for FPTAS
@ |dentify zero-free region of p containing z (inc. non-disks).
e Efficiently compute f%)(0) for k = 0,...,O(Inn/e).
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Independence polynomial

Z= Y s

SCV independent

_1\A—1 _1\A—1
A (a) = B Ae(A) = % (Note \* < A¢)

Theorem

We have Zg(z) # 0 for all z € D and A(G) < A where
(1) D={z : |z] < X*} (Dobushin, Shearer)
(2) D = open region containing [0, A¢)

(3) D={z:R(2) >0, |z| < Itan (m)} (Csikvéri, Bencs)

(Peters, Regts)

V.



Theorem (Dobrushin, Shearer 1990’s)

ForG= (V,E) with A(G) < A

A=A

M<xa) =BTz 20

Remark Here \*(A) is best possible since

Zeros of Z7, , converge to — \*(A).
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For G = (V, E) with A(G) < A,
_1\A-1
A < BT — Zg(n) #£0.

Write N(v) = { neighbours of v} and N[v] = N(v) U {v}.

Za(A) = Zg-v(A) + Mg _nwm(A)

Za(N) Zg nw(A) .
o= 1 AT = Rey Ze ()£ 0
Zs(\) £0 iff Rg, # -1 (and Zg_,(\) #0). [
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Theorem (Dobrushin, Shearer 1990’s)
For G= (V,E) with A(G) < A,

A < B s Zg(h) #£0.

Proof: Assume G connected and fix v € V. W &
Claim: For all U C V — {v}, we have
(i) Zgiy(N) #0

(i) If up € U has a neighbour outside U then |Rgjy),4,| < 1/A
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Theorem (Dobrushin, Shearer 1990’s)

For G = (V. E) with A(G) < A,
N < BT Zo0) #0.

Proof: Assume G connected and fix v € V.
Claim: For all U C V — {v}, we have

(i) Zgiy(N) #0
(i) If up € U has a neighbour outside U then |Rgjy),4,| < 1/A

Z6(\) #£0 iff Rgy, # -1 (and Zg_,()) # 0).

Vo€V, N(v)=1{wv1,...vq}
d
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Theorem (Dobrushin, Shearer 1990's)

For G = (V, E) with A(G) < A,
—1)a-1
N < @ — Z5(n) #0.

Proof: Assume G connected and fix v € V.
Claim: For all U C V — {v}, we have N(U

(i) Za (M) #0
(i) fupe Uhasa nelghbour outside U then |Rgjyy.4| < 1/4A
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The Ising model

@ Ising model is a model of magnetism
@ Also generating function for edge cuts of a graph

Definition

Fix graph G = (V, E) and parameter b € (0, 1)
Call o : V — {4+, —} a configuration

(o) = {uv e E:a(u) # o(v)}|

P(o) x b

5(o)
ie. P(o)= b where Zg(b)= > b’
o:V—{+.—}




The Ising model

@ Ising model is a model of magnetism
@ Also generating function for cuts of a graph

Definition

Fix graph G = (V, E) and parameter b € (0,1), A € [0, 0)

Call o : V — {4+, —} a configuration

6(c) =uve E:a(u)#o(V)} ni(o)=KHveV:o(v)=+}

P(c) oc A" () pd(@)

- AT ) pe) (o) p ()
G oV {+—}
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Cut(Z7 B) = Z H B,j H Zj
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Multivariate Ising model

Consider weighted K, = (V,E), V={1,...,n}.
Edge weights given by symmetric B € R™"
Vertex weights given by z = (z4,...,2,) € C"

czB) =Y [ 8 [[z J

SCV €S, j¢S ieS

Given G= (V,E), A\, b, we have Zg(b, \) = Cut(z, B) where

b ifijcE

Zy=2=---=2Zp=X and B;=
T " i {1 if jj & E.

Theorem ( Lee-Yang 1953)

We have Cut(z, B) # 0 whenever B € R"™ " js symmetric with
Bj € [-1,1]Vi,j,andz = (z,...,2,) € C" with|z;| < 1 Vi.

Remark Same holds if we replace “|z;| < 1 V/i” with *|z;| >.1 Vi”
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Theorem (Lee-Yang (univariate))

Given G= (V,E) and b € [—1,1], the polynomial
Zg(b, \) € C[\] has all its roots on the unit circle.

Using method from lecture 1 we have

Fix A e N, be[-1,1]and A € C with |A\| # 1.
Then 3 FPTAS to compute Zg(b, A) for A(G) < A.

Extensions to hypergraphs (Liu, Sinclair, Srivastava)

Theorem (Jerrum-Sinclair 93)

3 FPRAS to compute Zg(b, \) forall G= (V,E), be[0,1],
and \ € [0, c0).

Problem Can we remove the condition A(G) < A?
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Theorem ( Lee-Yang 1953)

We have Cut(z, B) # 0 whenever B € R™" js symmetric with
Bj e [-1,1]Vi,j,andz = (zy,...,2zp) € C" with|z;| < 1 Vi.
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We have Cut(z, B) # 0 whenever B € R™" js symmetric with
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Theorem ( Lee-Yang 1953)

We have Cut(z, B) # 0 whenever B € R™" js symmetric with
Bj e [-1,1]Vi,j,andz = (zy,...,2zp) € C" with|z;| < 1 Vi.

peClz,...,z,) is D-stable if z€DVi = p(z1,...,z,,)7é0.J

Write z5 = [[;cgz.. Forf.g € Clz,...,z,) of the form

f=> asz® g= > bsz® define frg:=> asbsz®
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Theorem ( Lee-Yang 1953)

We have Cut(z, B) # 0 whenever B € R™" js symmetric with
Bj e [-1,1]Vi,j,andz = (zy,...,2zp) € C" with|z;| < 1 Vi.

p € Clz,...,z, is D-stableif zeDVi = p(z1,...,z,,)7é0.J

Write z5 = [[;cgz.. Forf.g € Clz,...,z,) of the form
f=> asz® g= > bsz® define frg:=> asbsz®
SCn| SCln| SCln|

If f, g are D-stable, then the Schur product f x g is ID-stable.
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Cut(z, B) = Z H B,/ HZ,' l

SCV ieS, jgSs icS

Theorem ( Lee-Yang 1953)

We have Cut(z, B) # 0 whenever B € R"™*" s symmetric with
Bjc [-1,1]Vi,j,andz = (z,..., ,2Zp) € C” with || < 1 Vi.
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Matching polynomial

Graph G = (V,E).
Call M C E a matching if no edges in M are incident.

Mg()) == > AME=3 " my Ak

matchings M of G k>0
where my = # of matchings of size k in G.

Theorem (Heilmann, Lieb 1972)
Mg(z) #0 forall G and all z € C \ (—,0)

Also Mg(z) = Z;(G)(2) # 0 for |z] < A*(2A - 1) = ©(1/A).
So our method |mpI|es

There is an FPTAS to evaluate Mg(z) with A(G) < A and
zeC\ (—oo0,—A*(2A — 1)). }
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Mg()) = dooooam

matchings M of G

Theorem (Heilmann, Lieb 1972)
Mg(z) # 0 forall G and all z € C \ (—0, 0)

De(z):= Y (-1)Mz"2M = 2"Mg(-272).
M matching of G
Enough to show Dg has only real roots. |
VueV, Dg(z)=2Dg (u}(2) — Xvengw) Da—{uvy(2) )

Show by induction (on # vertices) that for all G = (V, E)
(a) Dg has only real roots;

(b) Yu e Vif Im(z) > 0, then Im (DDG‘E—(()z)) > 0.
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