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Recap

Taylor Polynomial Interpolation Method (Barvinok)

Let p = pG be a (graph) polynomial of degree  n.

Assume p(z) 6= 0 for all |z|  R for some R > 0. (z 2 C)

Let f (z) = ln p(z) for |z| < R and let

Tm(z) =
mX

k=0

f
(k)(0)

zk

k !
.

Then for m � C ln(n/") we have that |Tm(z)� f (z)|  "

i.e. Tm(z) = f (z) + t with |t |  "

=) e
Tm(z) = e

t
e

f (z) ⇡ (1 + t)p(z).

Recipe for FPTAS

Identify zero-free region of p containing z (inc. non-disks).

Efficiently compute f (k)(0) for k = 0, . . . ,O(ln n/").



Recap

Taylor Polynomial Interpolation Method (Barvinok)

Let p = pG be a (graph) polynomial of degree  n.

Assume p(z) 6= 0 for all |z|  R for some R > 0. (z 2 C)

Let f (z) = ln p(z) for |z| < R and let

Tm(z) =
mX

k=0

f
(k)(0)

zk

k !
.

Then for m � C ln(n/") we have that |Tm(z)� f (z)|  "

i.e. Tm(z) = f (z) + t with |t |  "

=) e
Tm(z) = e

t
e

f (z) ⇡ (1 + t)p(z).

Recipe for FPTAS

Identify zero-free region of p containing z (inc. non-disks).

Efficiently compute f (k)(0) for k = 0, . . . ,O(ln n/").



Recap

Taylor Polynomial Interpolation Method (Barvinok)

Let p = pG be a (graph) polynomial of degree  n.

Assume p(z) 6= 0 for all |z|  R for some R > 0. (z 2 C)

Let f (z) = ln p(z) for |z| < R and let

Tm(z) =
mX

k=0

f
(k)(0)

zk

k !
.

Then for m � C ln(n/") we have that |Tm(z)� f (z)|  "

i.e. Tm(z) = f (z) + t with |t |  "

=) e
Tm(z) = e

t
e

f (z) ⇡ (1 + t)p(z).

Recipe for FPTAS

Identify zero-free region of p containing z (inc. non-disks).

Efficiently compute f (k)(0) for k = 0, . . . ,O(ln n/").



Recap

Taylor Polynomial Interpolation Method (Barvinok)

Let p = pG be a (graph) polynomial of degree  n.

Assume p(z) 6= 0 for all |z|  R for some R > 0. (z 2 C)

Let f (z) = ln p(z) for |z| < R and let

Tm(z) =
mX

k=0

f
(k)(0)

zk

k !
.

Then for m � C ln(n/") we have that |Tm(z)� f (z)|  "

i.e. Tm(z) = f (z) + t with |t |  "

=) e
Tm(z) = e

t
e

f (z) ⇡ (1 + t)p(z).

Recipe for FPTAS

Identify zero-free region of p containing z (inc. non-disks).

Efficiently compute f (k)(0) for k = 0, . . . ,O(ln n/").



Independence polynomial

ZG(�) =
X

S✓V independent

�|S|

�⇤(�) := (��1)��1

�� �c(�) = (��1)��1

(��2)�
(Note �⇤ < �c)

Theorem

We have ZG(z) 6= 0 for all z 2 D and �(G)  � where

(1) D = {z : |z|  �⇤} (Dobushin, Shearer)

(2) D = open region containing [0,�c) (Peters, Regts)

(3) D = {z : <(z) � 0, |z|  7

8
tan

⇣
⇡

2(��1)

⌘
} (Csikvári, Bencs)
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Theorem (Dobrushin, Shearer 1990’s)

For G = (V ,E) with �(G)  �

|�|  �⇤(�) =
(�� 1)��1

��
=) ZG(�) 6= 0.

Remark Here �⇤(�) is best possible since

Zeros of ZT�,r
converge to � �⇤(�).



Theorem (Dobrushin, Shearer 1990’s)

For G = (V ,E) with �(G)  �,

|�|  (��1)��1

�� =) ZG(�) 6= 0.

Write N(v) = { neighbours of v} and N[v ] = N(v) [ {v}.

ZG(�) = ZG�v (�) + �ZG�N[v ](�)

ZG(�)

ZG�v (�)
= 1 + �

ZG�N[v ](�)

ZG�v (�)
=: 1 + RG,v if ZG�v (�) 6= 0.

ZG(�) 6= 0 iff RG,v 6= �1 (and ZG�v (�) 6= 0).

v0 2 V , N(v0) = {v1, . . . vd}

RG,v0
= �

dY

i=1

(1 + RG�{v0,...,vi�1},vi
)�1



Theorem (Dobrushin, Shearer 1990’s)

For G = (V ,E) with �(G)  �,

|�|  (��1)��1

�� =) ZG(�) 6= 0.

Write N(v) = { neighbours of v} and N[v ] = N(v) [ {v}.

ZG(�) = ZG�v (�) + �ZG�N[v ](�)

ZG(�)

ZG�v (�)
= 1 + �

ZG�N[v ](�)

ZG�v (�)
=: 1 + RG,v if ZG�v (�) 6= 0.

ZG(�) 6= 0 iff RG,v 6= �1 (and ZG�v (�) 6= 0).

v0 2 V , N(v0) = {v1, . . . vd}

RG,v0
= �

dY

i=1

(1 + RG�{v0,...,vi�1},vi
)�1



Theorem (Dobrushin, Shearer 1990’s)

For G = (V ,E) with �(G)  �,

|�|  (��1)��1

�� =) ZG(�) 6= 0.

Write N(v) = { neighbours of v} and N[v ] = N(v) [ {v}.

ZG(�) = ZG�v (�) + �ZG�N[v ](�)

ZG(�)

ZG�v (�)
= 1 + �

ZG�N[v ](�)

ZG�v (�)
=: 1 + RG,v if ZG�v (�) 6= 0.

ZG(�) 6= 0 iff RG,v 6= �1 (and ZG�v (�) 6= 0).

v0 2 V , N(v0) = {v1, . . . vd}

RG,v0
= �

dY

i=1

(1 + RG�{v0,...,vi�1},vi
)�1

29-1×1=-2×14 = -2×151+-2×14
✓ fixed

s≤ V S :v¢s 5. VES

z
ind Sind Sind

,

=

2g -v41 + XZG - Nivycy
Nut



Theorem (Dobrushin, Shearer 1990’s)

For G = (V ,E) with �(G)  �,

|�|  (��1)��1

�� =) ZG(�) 6= 0.

Write N(v) = { neighbours of v} and N[v ] = N(v) [ {v}.

ZG(�) = ZG�v (�) + �ZG�N[v ](�)

ZG(�)

ZG�v (�)
= 1 + �

ZG�N[v ](�)

ZG�v (�)
=: 1 + RG,v if ZG�v (�) 6= 0.

ZG(�) 6= 0 iff RG,v 6= �1 (and ZG�v (�) 6= 0).

v0 2 V , N(v0) = {v1, . . . vd}

RG,v0
= �

dY

i=1

(1 + RG�{v0,...,vi�1},vi
)�1



Theorem (Dobrushin, Shearer 1990’s)

For G = (V ,E) with �(G)  �,

|�|  (��1)��1

�� =) ZG(�) 6= 0.

Write N(v) = { neighbours of v} and N[v ] = N(v) [ {v}.

ZG(�) = ZG�v (�) + �ZG�N[v ](�)

ZG(�)

ZG�v (�)
= 1 + �

ZG�N[v ](�)

ZG�v (�)
=: 1 + RG,v if ZG�v (�) 6= 0.

ZG(�) 6= 0 iff RG,v 6= �1 (and ZG�v (�) 6= 0).

v0 2 V , N(v0) = {v1, . . . vd}

RG,v0
= �

dY

i=1

(1 + RG�{v0,...,vi�1},vi
)�1



Ryu;=XZG- Nay
ZG- Vo

2G◦ = 2%-4 . ZG-EU.ir}

G- - {Vqv,}
- - -

-ZG-lvj-d-32q.NET
,,

29--494,4} ZG - {Vo, . ;Vd}
×

Ray ,
=( It RG-vo.ve/(ltRa-Euc,viyvv)--'ftRG--1uo...-Nd-BNd)
Then rearrange .



Theorem (Dobrushin, Shearer 1990’s)

For G = (V ,E) with �(G)  �,

|�|  (��1)��1

�� =) ZG(�) 6= 0.

Proof: Assume G connected and fix v 2 V .

Claim: For all U ✓ V � {v}, we have

(i) ZG[U](�) 6= 0

(ii) If u0 2 U has a neighbour outside U then |RG[U],u0
| < 1/�

ZG(�) 6= 0 iff RG,v 6= �1 (and ZG�v (�) 6= 0).
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The Ising model

Ising model is a model of magnetism

Also generating function for edge cuts of a graph

Definition

Fix graph G = (V ,E) and parameter b 2 (0, 1)

Call � : V ! {+,�} a configuration

�(�) = |{uv 2 E : �(u) 6= �(v)}|

P(�) / b
�(�)

i.e. P(�) = b�(�)

ZG(b)
where ZG(b) =

X

�:V!{+.�}

b
�(�).
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The Ising model

Ising model is a model of magnetism

Also generating function for cuts of a graph

Definition

Fix graph G = (V ,E) and parameter b 2 (0, 1), � 2 [0,1)

Call � : V ! {+,�} a configuration

�(�) = |{uv 2 E : �(u) 6= �(v)}| n+(�) = |{v 2 V : �(v) = +}|

P(�) / �n+(�)b
�(�)

i.e. P(�) = �n+(�)b�(�)

ZG(b,�)
where ZG(b,�) =

X

�:V!{+.�}

�n+(�)b
�(�).



Multivariate Ising model
Consider weighted Kn = (V ,E), V = {1, . . . , n}.

Edge weights given by symmetric B 2 Rn⇥n

Vertex weights given by z = (z1, . . . , zn) 2 Cn

Cut(z,B) =
X

S✓V

Y

i2S, j 62S

Bij

Y

i2S

zi

Given G = (V ,E), �, b, we have ZG(b,�) = Cut(z,B) where

z1 = z2 = · · · = zn = � and Bij =

(
b if ij 2 E

1 if ij 62 E .

Theorem ( Lee-Yang 1953)

We have Cut(z,B) 6= 0 whenever B 2 Rn⇥n is symmetric with

Bij 2 [�1, 1] 8i , j , and z = (z1, . . . , zn) 2 Cn with |zi | < 1 8i .

Remark Same holds if we replace “|zi | < 1 8i” with “|zi | > 1 8i”
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Theorem (Lee-Yang (univariate))

Given G = (V ,E) and b 2 [�1, 1], the polynomial

ZG(b,�) 2 C[�] has all its roots on the unit circle.

Using method from lecture 1 we have

Fix � 2 N, b 2 [�1, 1] and � 2 C with |�| 6= 1.

Then 9 FPTAS to compute ZG(b,�) for �(G)  �.

Extensions to hypergraphs (Liu, Sinclair, Srivastava)

Theorem (Jerrum-Sinclair 93)

9 FPRAS to compute ZG(b,�) for all G = (V ,E), b 2 [0, 1],
and � 2 [0,1).

Problem Can we remove the condition �(G)  �?
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Cut(z,B) =
X

S✓V

Y

i2S, j 62S

Bij
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Theorem ( Lee-Yang 1953)

We have Cut(z,B) 6= 0 whenever B 2 Rn⇥n is symmetric with

Bij 2 [�1, 1] 8i , j , and z = (z1, . . . , zn) 2 Cn with |zi | < 1 8i .

p 2 C[z1, . . . , zn] is D-stable if zi 2 D 8i =) p(z1, . . . , zn) 6= 0.

Write zS =
Q

i2S
zi . For f , g 2 C[z1, . . . , zn] of the form

f ⌘
X

S✓[n]

aSz
S, g ⌘

X

S✓[n]

bSz
S

define f ⇤ g :=
X

S✓[n]

aSbSz
S

Theorem

If f , g are D-stable, then the Schur product f ⇤ g is D-stable.



Cut(z,B) =
X

S✓V

Y

i2S, j 62S

Bij

Y

i2S

zi

Theorem ( Lee-Yang 1953)

We have Cut(z,B) 6= 0 whenever B 2 Rn⇥n is symmetric with

Bij 2 [�1, 1] 8i , j , and z = (z1, . . . , zn) 2 Cn with |zi | < 1 8i .

p 2 C[z1, . . . , zn] is D-stable if zi 2 D 8i =) p(z1, . . . , zn) 6= 0.

Write zS =
Q

i2S
zi . For f , g 2 C[z1, . . . , zn] of the form

f ⌘
X

S✓[n]

aSz
S, g ⌘

X

S✓[n]

bSz
S

define f ⇤ g :=
X

S✓[n]

aSbSz
S

Theorem

If f , g are D-stable, then the Schur product f ⇤ g is D-stable.

D= { ZEE : KEI } .
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Pt induction on n= # variably

Far n=l f-_ at bz and 9-- ctdz D- stable

⇒ i÷, > i
'EM

⇒ 19¥41 > I ⇒ act bdz is

✓ ID - stable



Assure nil and fig as given .
Assure D- stable

.

f- = I last Asian}2n)2s
s≤ in- I]

9. I -2 Cabs tbsuqn}2n)2ˢ
s≤ in - i]

For any u,
ve ID let

fu / 2 , ,
- -Rn - , ) = f- this - - in- i > 4) t ¢ [211--1%-1]

% (21 , - -12m ) = 9121 , --12m , V ) c- ICE ? d- - in - 1)
tutor are D- stable ⇒ fu*g✓ 15 D- stable

fu*9v= [ Cast asueuyu )(bstbsueuzv)2ˢ
SEEN-☐



fu *95=-2 Cast asueuyu )(bstbsueuzv)2ˢ
SEEN-☐

Far fixed 2
, ,
-
-Rn - i c- ID write Plu, y = futon

C- ☒ [UN)
p is ① - stable since fu*9v to tune ID

plan )= I asbsZˢ + Ibsasuenjhu
s≤ in] SEEN-1

+ Iasbsveuzzsv t Iasusn}bsuÉ}w
SEEN- 1) s≤ in-1]



plan )= Easbs" + ¥m%;pñ"s≤ in -1]

+ I¥Ñt ☒sun}bsuÉiÉ
SEEN- 1) s≤ in-1]

≤ f- ☒9 is ID - stable as poly in 2n
V- fixed 21572N-i C- ID

⇒ f- * 9 is D- stable as poly in 2 , ,
- -Rn

trap if 964 , a2) = A t.bxitcxztdxik.isD- stable
⇒ § (a) = a + DX is D-stable



pt For irj let Pij = (It Bij Kitz; )t2i2 ;) -22s
s≤inTVij )

= (it Bij 1%1-2; )t2i2;) -1111+212
IKE Viii }

① Pij -40 provided 1%1--1 Hi

② * Pij = Cut (B) 2) This isamébius transformation
iej That maps unit circle to

① It 92 , t 922 t 2122=0 outside so it 12,1=1 then22=-41-92,1/9+2,1
but maps inside to



②coefficient of 2s in Pij = { Bij it icsjctsBij it ie Jes
I arise

coeftot * Pi; = IT Bij
i

its

jets

= aeffctzsincwtlB.ir)
Not in lecture :

set qij = pijfpzi , :-/ Pzn) for pelosi)

off
,
is D- stable

set of = * q!
,

i=j

is D- stable
.

qe -1-0 whenever kite 1 Hi
PECO, 1)

⇒ Iim of -1-0 whenever lzikl Kip-4

11 by Hurwitz theorem
cut IB/2) . Zeros of q

'
move

continuously with P .



Matching polynomial

Graph G = (V ,E).

Call M ✓ E a matching if no edges in M are incident.

MG(�) :=
X

matchings M of G

�|M| =
X

k�0

mk�
k

where mk = # of matchings of size k in G.

Theorem (Heilmann, Lieb 1972)

MG(z) 6= 0 for all G and all z 2 C \ (�1, 0)

Also MG(z) = ZL(G)(z) 6= 0 for |z|  �⇤(2�� 1) = ⇥(1/�).
So our method implies

There is an FPTAS to evaluate MG(z) with �(G)  � and

z 2 C \ (�1,��⇤(2�� 1)).
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MG(�) :=
X

matchings M of G

�|M|

Theorem (Heilmann, Lieb 1972)

MG(z) 6= 0 for all G and all z 2 C \ (�1, 0)

DG(z) :=
X

M matching of G

(�1)|M|
z

n�2|M| = z
n
MG(�z

�2).

Enough to show DG has only real roots.

8u 2 V , DG(z) = zDG�{u}(z)�
P

v2NG(u)
DG�{u,v}(z)

Show by induction (on # vertices) that for all G = (V ,E)

(a) DG has only real roots;

(b) 8u 2 V if Im(z) > 0, then Im
⇣

DG(z)
DG�u(z)

⌘
> 0.
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Solution

All roots at Da real ⇒ All rats at MG are real

and negative .

Suppose Me has root x.EE

Then Dci has root 2 where -2-2 = x

i. e. 2 = (x)
- %

since 2 is real then -2C is positive .

Fix UGV

DE (2) = [ C- 1)
'MI
zn -21Mt

M

◦
u

= [ C- 1)
'Mz " -21M /

+ [ [⇐jM{ n - Hml
M has vii. VENKY M : uv c-µ

edge incident
to u

= ZDG.dz) - [ DG - {a.v34
ou

V C- Nlu)to



Assume 1Gt n and catlb ) hold for
all smaller graphs .

Iii / Fix uev and ZEE with lmk) > 0

DG

☐g.u=
ZDG -u - I DG - {a.v3

UENIVU)

DG - u

= Z - [ µ - u

↑
" Nay DG - {guy)

" "

↑
Impart
> ◦

Import by induction> 0

⇒ lm(D¥ > 0 salblhdds
for G-

This shows it 1mW -0 ten Daly -1-0
(Note DG -uh -1-0 by induction )

It 1m14 To then but-4=0 and
( it

DGIZ) = ± Dal- 2) so Im / Datz )) ¥8 ⇒ for G-


